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We report the experimental evidence of noise-induced phase synchronization in a vertical-cavity laser. The
polarized laser emission is entrained with the input periodic pump modulation when an optimal amount of
white, Gaussian noise is applied. We characterize the phenomenon, evaluating the average frequency of the
output signal and the diffusion coefficient of the phase difference variable. Their values are roughly indepen-
dent of the different wave forms of periodic input, provided that a simple condition for the amplitudes is
satisfied. The experimental results are compared with numerical simulations of a Langevin model.
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The phenomenon of phase synchronizatie® has been effective phase diffusion coefficief8]. An analytic theory,
the subject of extensive investigation during the past yearperformed in the case of a periodic and aperiodic square-
(see, e.g., Ref1] for a recent review In the purely deter- wave modulation, was presented by Frewstcal. in Ref.
ministic case, two systems with instantaneous phdsg$)  [11], where the explicit expressions for the mean output fre-
and ®,(t) are locked if, for two integersn, m, n®;  quency and the effective diffusion coefficient were derived
—m®, remains bounded for all times. In the presence offrom a master equation for the stochastic variaple
unbounded fluctuations, this condition on the phase differ- |n this work, we present a detailed experimental investi-
ence cannot hold for all times. Sufficiently large noise will gation of noise-induced PS regimes in a bistable optical sys-
eventually cause phase slippage and PS can thus only kem. Our study is motivated by the necessity to perform a
effective. For example, for weak periodic forcing of an au-thoughtful test of the statistical indicators of PS in reliable,
tonomous stochastic oscillator, the dynamics of the instantawell controllable laboratory conditions. The effect of both
neous phase differenegis ruled by the Adler equatiof?,3]  sinusoidal and square-wave input periodic modulations are

considered; the latter case allows us to discuss a general

c'b: A—Agsing+¢, (1) framework for a comparison with the analytic results of Ref.
[11].
where¢ is a Gaussian white noise. Equatidn describes the Our experimental system is a pump-modulated vertical-

motion of an overdamped Brownian particle in the tilted po-cavity surface emitting lasefVCSEL). The VCSEL is a
tential —A¢—Agcose. Therefore, if the frequency mis- semiconductor laser, with a symmetrical cavity allowing for
matchA is smaller than the synchronization bandwidtl, the emission on two linear, perpendicular polarizations se-
locking can occur. However, from time to time fluctuations lected by the crystal axis directioisee e.gf12]). The emis-
suffice to kick¢ out of the well yielding a phase slip. Recent sion symmetry, usually broken by impurities or optical inho-
observations of noise-enhanced PS have been reported inogeneties leading to a single-polarization emission, may be
more complex situations, where chaos occurs in the absencestored for particular choices of the pump current. In such a
of noise[4,5]. In this context, dynamical features may be case, the system is bistable and exhibits noise-driven, ran-
significantly altered and a richer variety of phenomena maylom jumps between the two polarizations ruled by Kramers’

arise[6]. law [13]. The experimental evidence of §R4]| and binary
For noise-driven bistable systems, PS is strictly related t@aperiodic SR15] in a VCSEL has been recently reported.
the phenomenon of stochastic resonaf@B), i.e., the en- In our setup, we employ a VCSEL lasing at 850 nm, ther-

hancement in response to a weak signal superimposed onnaally stabilized(better than 1 miKand with a carefully con-
stochastic inputsee, e.g., Ref.7]). The very fact that noise trolled pump current. The overall stability allows for long-
can induce synchronized jumps between the two stable outime measurements, even in the presence of critical
put states has been recently interpreted as a noise-induceehaviors. A linear polarization direction in the laser emis-
PS. The first observation of PS in an electronic circuit hasion is selected using a polarizer and a half-wave plate. The
been reported in Ref8], analyzing the output mean fre- laser intensity is monitored by an avalanche detector and the
quency as a function of added noise. Numerical simulationsignal is recorded by a digital scope. An optical isolator pre-
of Langevin modeld9,10] showed a similar behavior and vents from optical feedback effects to occur. The signals
allowed for a more refined description of PS in terms of thefrom a 10-MHz-bandwidth white-noise generator and a sinu-
soidal (SIN) or a square-wav€SQR) oscillator are summed
and coupled into the laser by means of a bias tee. The period
*Electronic address: giacomelli@inoa.it of the input signals was chosen to be5 us (200 kH2 for
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the response as well as a shift towards lower noise values of
the peak occurs, as already reported from numerical simula-
tions and observations in nonlinear circUils].

The peak in the SPA indicates the improvement of the
response of the system at the modulation frequency, thus
suggesting that a PS regime is achieved. To investigate such
a possibility we define the input-output phase difference
d(1) =D (t) — Di (1), where &, (t)=Qt. The instanta-
neous phase of a real signdlt) can be defined in a general
way employing the concept of the analytic sighh]. This is
accomplished by considering the complex sigr) = x(t)
+iy(t), wherey=Hx is the usual Hilbert transform of(t).

The phase is then given by the argumentzofor bistable
systems an alternative and easier definition can be given

FIG. 1. The spectral power amplification vs applied noise am_based on the knowledge of th_e sequence of SW|tc_h|ng t_|mes
plitude for different amplitudes of SIN modulationAgy  tn ONIY [1]; ®oy can be defined either as a piecewise-
=50, 100, 150, 200, 250 m¥fop to bottom. The inset is a magni- constant function increasing by stepsmft each jump time
fication of the resonance region. t, of the output or by linear interpolation. In the analysis of

experimental data we checked that different definitions yield
both wave forms. The measurements are performed varyingie same results up to statistical accuracy.
the intensityD of the applied noise as well as the amplitude In Fig. 2 we report the temporal evolution @f, as ob-
A of the input modulation. For all the measurements reportedined from the Hilbert transform method, for both the SIN
henceforth, theA values are subthreshold, i.e., small enoughand SQR wave forms and different values of the added noise.
to avoid output transitions every modulation peri@a the  In both cases, a clear signature of PS is found at a well
absence of added noiseThe amplitudeAsqr is set to be  defined(resonantnoise power corresponding to the peak in
equal to the root mean square value Ay, i.e. Asor  the SPA. As shown in the figure, for a noise beltabove
:ASIN/\/E_ For every choice of the parameters, a sequencthe resonant value the phase difference drifts towards lower
of 16 million points is acquired, corresponding to 500 (highep values. The phase difference at resonance mantains
samples/period for a total of 32000 periods. Such largeén almost constant value, rarely interrupted by jumps of in-
datasets allow us to reduce statistical errors to a level ofeger multiples of 2 (phase slips For comparison, in the
accuracy comparable with current numerical simulations ofnsets of Fig. 2 it is shown the temporal behavior dfat
theoretical models. resonance for a smaller value of the input signal amplitudes;

To illustrate the phenomenon of SR, we first report in Fig.the phase slips are here more frequent, yielding a faster dif-
1 the response of the system for different values of thdusive motion.
amplitude of the SIN modulation, as evaluated by means To quantify the observed behaviors, it is useful to intro-
of thespectral power amplification (SPA  Rspa  duce the average frequenéy,)= (P, and the effective
=4 |Xou(Q)|?/AS, [16], where X, is the Fourier spec- diffusion coefficient Dog= 1 (d/dt)[( %) —(p)?] [9]. The
trum of the output signal evaluated at the driving frequencymeasured values dfo,,) andDg are reported in Fig. 3 as a
QO =2#/T. Awell defined peak of SPA for an optimal value function of the noise intensity for different values of the
of the applied noise is observed, yielding the typical signainput signal amplitudeA. Upon increasingA the region of
ture of SR[7]. Increasing the input amplitude, a decrease inlocking, i.e., the range of noise values for whi¢m)
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FIG. 2. The phase differenag for SIN (left) and SQR(right) inputs of amplitudeAg;y=250 mV. Noise levels are 0.01222 ., 0.0169

V2, 0.0225V2 _ (bottom to top. The insets are the time series for low-amplitude =100 mV) and noise level close to resonance
(0.0196V2.)).
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FIG. 3. Average output frequendleft) and diffusion coefficientright) for sinusoidal and square-wave inpufsll and open symbols,
respectively. Input amplitudes arég;\=50, 150, and 250 mVcircles, squares, diamonds, respectiyely

~(), widens whileDey develops a pronounced dip at the For D=D*, we expect(¢)=0 and thereforem?/2D;
resonant noise value. It is worth noting that, while the output=(T,,.,). As shown in the inset of Fig. 4, this estimate is
frequency equals the input frequency at a well defined valueonsistent with the experimental data for both input wave

D=D*, an increasing\ the abscissa of the minimum ¥4

forms.

shifts towards lower noise amplitudes. Moreover, such ab- A further relevant information is thafT.c) increases
scissa corresponds, within the experimental accuracy, to thexponentially withA/D, confirming that PS rapidly becomes
abscissa of the maximum of the SPA. Such a result is ireffective upon increasing the driving amplitude. A simple

agreement with the analytic predictions of Rf1].

slips) as a function of the noisgl8]. As seen in Fig. 4, a

argument to understand this scaling is the following. Con-
Arelated way to illustrate the enhacement of phase coherider the case of a two-level system with a slowly modulated

ence is to plot the average duration of locking episodeparrierAV(t)=AV=B, where the sign changes every semi-

(Tiock) (i-€., the average time between consecutive phasperiodT/2. The two Kramers’ rates; ,=ry exp(+B/D) give

the probability per unit time to jump from one level to the

marked maximum signals strong input-output correlationsother. During the locking period, the system stays synchro-

namely, a decreasing rate of phase slipse again Fig. 2
The minimum value of the diffusion constafit,; and the

nized with the modulation, likely jumpingalmos) every
semiperiod. But the probability per unit time for the system

maximal value of T, are indicators of the quality of PS. to jump less thar(or more thah one time per semiperiod
It is therefore important to estimate their dependence on thé&esulting in a phase sligs approximativelya, for a suffi-
experimental parameters. On the other hand, the two are netently largeB/D. This accounts for the observed scaling if

independent: as argued in R¢L.8], the very definition of

D yields

<‘Z’>2<Tlock>2+ 2Deff<TIock> = a2,
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for D=D*=0.0196/2,) vs A/D (see text

from Eq.

2).

Close

to

B is proportional toA. The same conclusion can be drawn

resonance AE0) Deg

cexp(—constA./D) [3], and the exponential increase then

)

follows from the fact thatA ;> A for small amplitudes.

The experimental data are in qualitative agreement with
both numerical[9] and analytical[11] studies of noise-
induced PS. This originates from the fact that, in the SR
regime, the polarization dynamics of our VCSEL can be suc-
cessfully modeled by the phenomenological Langevin equa-

tion [14]

x=—V'(x)+Af(t)+ 7,

()

whereV is a double-well potential, is the modulation wave
form (of frequency()), and » is a white, Gaussian noise
such that 7(t) »(t"))=2D&(t—t"). Here the dimensionless
variablex represents the polarized laser intensity. To empha-
size the correspondence with the experiment we use here the
same symbolsA,D,() as above. However, one should be

FIG. 4. Average duration of locking episodes for SIN and SQRaware that this correspondence cannot be establesipeidri

since the model is only an effective description. A direct
guantitative comparison is feasible only by means of a care-

ful calibration of the physical parameters of mo¢®l on the
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FIG. 5. Simulations of Eq(3): average output frequency and diffusion coefficient for SIN, SQR, and SAW irffultsopen, and gray
symbols, respective)ywith (2 =0.005 andAg;=0.3, 0.5(circles and squares, respectively

experimental data. This task has been accomplished iare almost overlapped indicating that for moderate ampli-
slightly different experimental conditiorjd4], and goes be- tudes the quality of PS is largely independent of the details
yond the scope of the present work. Here, we limit ourselve®sf the driving. To understand this behavior, we compared
to illustrate the results of simulations for the model potentialKramers’ rates for the different wave forms averaged on the
V(x)=x?(x>—2) using a second-order stochastic Runge-modulation semiperiod. Upon changi#dD in the range of
Kutta algorithm. The outcomes for moderate valuesAof interest, we indeed found that they are almost independent of
(A=<AV) shown in Fig. 5 compare well with the experimen- f. Therefore, in the adiabatic limit a comparison with the
tal ones(see again Fig.)3 Furthermore, the exponential scal- theory[11] can be worked out and is currently in progress.
ing D exp(—constA/D) is found, in agreement with ex- In conclusion, we reported a detailed experimental evi-
perimental findings. dence of noise-induced PS in a VCSEL. Phase entrainment is
Let us now address the issue of how PS is affected bychieved by different input periodic signals, with the same
different choices of driving. Figure 3 indeed shows that bothvalue for the measured statistical indicators as long as the
(wouy and Dgy are approximatively independent of the rms of the signal is the same. The numerical analysis of a
modulation wave form, provided thatsor=Asn/v2. The  Langevin model reproduces the features observed experi-
only relevant parameter is, at least in this range of amplimentally, including the scaling of the locking times at reso-
tudes, the modulation frequency. To check the generality ohance with the amplitude of the modulation.
this observation we performed simulation of E8) with
three different wave form§ namely, a sinusoidal, a square-  We thank S. Boccaletti for useful comments and for read-
wave, and a sawtootliSAW) with the same rms value, ing the manuscript. This work was partially funded by the
ASQR=AS,N/\/§=ASAW/\/§. As shown in Fig. 5, the curves MIUR Project FIRB No. RBNEO1CW3M_001.

[1] A. Pikovsky, M Rosenblum, and J. KurthfSynchronization: A [11] J.A. Freund, A.B. Neiman, and L. Schimansky-Geier, Euro-

Universal Concept in Nonlinear Sciené€ambridge Univer- phys. Lett.50, 8 (2000.
sity Press, Cambridge, 2001 [12] T.E. SaleVertical Cavity Surface Emitting Lasefé/iley, New
[2] R. Adler, Proc. IRE34, 351 (1946. York, 1995.
[3] R.L. Stratonovich,Topics in the Theory of Random Noise [13] H.A. Kramers, Physic&Utrech 7, 284 (1940.
(Gordon and Breach, New York, 196Xol. II. [14] G. Giacomelli, F. Marin, and I. Rabbiosi, Phys. Rev. L&8,
[4] C. Zhou, J. Kurths, 1.Z. Kiss, and J.L. Hudson, Phys. Rev. Lett. 675(1999: S. Barbay, G. Giacomelli, and F. Marin, Phys. Rev.
89, 014101(2002. E 61, 157 (2000.
[5] C. Zhouet al, Phys. Rev. B57, 01520%R) (2003. [15] S. Barbay, G. Giacomelli, and F. Marin, Phys. Rev. L88,

[6] S. Boccaletti, J. Kurths, G. Osipov, D.L. Valladores, and C. 4652 (2000; Phys. Rev. B63, 051110(2001).

Zhou, Phys. Rep366, 1 (2002. [16] P. Jung and P. Hmgi, Phys. Rev. A4, 8032(1991).

7] k/ioiag:nzlgoom’zgé (qg%%l P. Jung, and F. Marchesoni, Rev. [17] R.N. Mantegna, B. Spagnolo, and M. Trapanese, Phys. Rev. E
- PIYS.F5 ' 63, 011101(200).

[8] B. Shulgin, A. Neiman, and V. Anishchenko, Phys. Rev. Lett. . . .
[18] J.A. Freund, A.B. Neiman, and L. Schimansky-GeierSio-

75, 4157(1995. ) . .
[9] A. Neiman, A. Sichenko, V. Anishchenko, and L chastic Climate Mode]sedited by P. Imkeller and J. von
Schimanskineier Phys. Re\’/.BB 7118(1998. ' Storch, Progress in Probability, Vol. 4Birkhauser, Boston,

[10] L. Callenbachet al, Phys. Rev. B5, 051110(2002. 2003.

020101-4



